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Abstract
We show that the solution space of the noncommutative KP hierarchy is the same
as that of the commutative KP hierarchy owing to the Birkhoff decomposition of
groups over the noncommutative algebra. The noncommutative Toda hierarchy is
introduced. We derive the bilinear identities for the Baker–Akhiezer functions and
calculate the N -soliton solutions of the noncommutative Toda hierarchy.
1 Noncommutative KP and Toda hierarchy
Recently, the classical and quantum field theories over the noncommutative (NC) space-
times have been extensively studied. The NC gauge theory has had a great success in
the string theory. In particular, the NC deformation of the ADHM construction of the
(anti)SDYM equation [9] and the Nahm construction [1] were shown. It seems to imply
the significance of the NC deformations of the integrable systems. Some authors have
discussed the NC integrable systems on lower dimension [2, 3, 6, 13, 17] (see also [5, 15, 16]),
especially the NC KP hierarchy. In this letter, we study the moduli space of the NC KP
hierarchy throughout the Birkhoff decomposition of a certain formal group over a NC
algebra. We also introduce the NC Toda hierarchy and derive the bilinear identities and
the N -soliton solutions.
Let (tˆ1, tˆ2, · · · ) be coordinates of NC plane R
2∞ which satisfy [tˆn, tˆm] = iθnm, and Aθ
a set of functions on it. The deformation parameters θnm ∈ R are non-zero constants
and we assume that a matrix (θnm) is invertible. By an orthogonal change of coordinates
as [tˆ2n−1, tˆ2n] = iθn (n ≥ 1), the algebra is realized as operators over the Fock space
F = ⊕n1,n2,···C|n1n2 · · ·〉 (ni = 0, 1, · · · ).
The NC KP hierarchy of the operator form is defined as follows [2, 3, 17]. We consider
an operator valued monic pseudo differential operator1 (PDO)
Wˆ = 1F +
∑
n≥1
wˆn(x, tˆ)∂
−n
x , (1)
where 1F is an identity of Aθ. The coefficients of Wˆ are operators
wˆn(x, tˆ) =
∑
li,mi≥0
w(l,m)n (x)|l1l2 · · ·〉〈m1m2 · · · |, (2)
1The variable x needs not to be an operator on F , since the Lax equations give ∂uˆn
∂x
= ∂uˆn
∂tˆn
for the Lax
operator L =
∑
n≥−1 uˆ−n∂
−n.
1
where w
(l,m)
n are C-valued functions of x. The Sato–Wilson equations of the NC KP
hierarchy are given by
∂
∂tˆn
Wˆ = −(Wˆ∂nxWˆ
−1)−Wˆ (n ≥ 1), (3)
where2 ∂
∂tˆn
:= −i
∑
m θ
−1
nm[tˆm, ·]. For a PDO P , (P )+ denotes a part of a differential
operator of P and (P )− denotes P − (P )+.
Here we introduce the NC Toda hierarchy. We add coordinates (sˆ1, sˆ2, · · · ) which
satisfy [sˆn, sˆm] = iθ˜nm, [sˆn, tˆm] = 0 and Aθ,θ˜ denotes a set of functions on it. This algebra
is realized over a tensor product of two Fock spaces F ⊗ F . Let Wˆ (+) (resp. Wˆ (−)) be
an upper (resp. lower) triangular Z×Z matrix whose components are valued in A
θ,θ˜
. All
diagonal components of the matrix Wˆ (−) are an identity 1F⊗F of Aθ,θ˜. We define the
Sato–Wilson equations of the NC Toda hierarchy as
∂Wˆ (±)
∂tˆn
= ±(Wˆ (−)ΛnWˆ (−)−1)±Wˆ
(±),
∂Wˆ (±)
∂sˆn
= ∓(Wˆ (+)Λ−nWˆ (+)−1)±Wˆ
(±), (4)
for n ≥ 1, where (n,m) component of Λ is δn+1,m1F⊗F and
∂
∂sˆn
:= −i
∑
m θ˜
−1
nm[sˆm, ·]. For
a matrix P , (P )+ denotes the upper triangular part of P and (P )− denotes P − (P )+.
Note that these equations give the Lax equations and the Zakharov–Shabat (ZS) equations
as usual [14]. We define bˆn, cˆn ∈ Aθ,θ˜ as B := (Wˆ
(−)ΛWˆ (−)−1)+ = Λ +
∑
n∈Z bˆnEnn and
C := (Wˆ (+)Λ−1Wˆ (+)−1)− =
∑
n∈Z cˆnEnn−1 where (k, l) component of Enm is δknδlm. The
ZS equation ∂B
∂sˆ1
− ∂C
∂tˆ1
+ [B,C] = 0 gives the NC Toda equations
∂bˆn
∂sˆ1
= −cˆn+1 + cˆn,
∂cˆn
∂tˆ1
= bˆncˆn − cˆnbˆn−1, (5)
for n ∈ Z. In the commutative case we can introduce functions φn such that bˆn = −
∂
∂t1
φn
and cˆn = e
φn−1−φn . However, in the NC case we cannot define such functions.
2 A solution space of the NC KP hierarchy
First we consider the NC KP hierarchy. As in the commutative case, the Sato–Wilson
equations (3) are equivalent to the Birkhoff decomposition of a certain formal group G.
The integrable hierarchy throughout the factorization problems G = G−G+ of a group G
over a NC algebra R was studied in [8, 15], for example (see also [7]). In our case G,G±
correspond to the formal groups expG, expG± in [15] over the NC plane R
2∞ instead of
R
2 (see remark 1.).
Let Wˆ0 ∈ G− be an ‘initial value’ of Wˆ which is a monic PDO and satisfies
∂
∂tˆn
Wˆ0 = 0
for n ≥ 1. The factorization of eξˆWˆ−10
eξˆWˆ−10 = Wˆ
−1 · Wˆ (+) (Wˆ ∈ G−, Wˆ
(+) ∈ G+), (6)
2This notation is different from ∂
∂tˆn
= ∂ˆn = −i
∑
m
θ−1nm tˆm which is often used in NC gauge theory.
2
where ξˆ =
∑
n≥1 tˆn∂
n
x gives the Sato–Wilson equations (3) as in the commutative case [7, 8,
14]. Conversely, we assume that Wˆ satisfies the Sato–Wilson equations, the factorization
e−ξˆWˆ−1 = Mˆ (−)−1Mˆ (+) (Mˆ (±) ∈ G±), (7)
gives equations
−Mˆ (+)(Wˆ∂nxWˆ
−1)+Mˆ
(+)−1 = −
∂Mˆ (−)
∂tˆn
Mˆ (−)−1 +
∂Mˆ (+)
∂tˆn
Mˆ (+)−1, (8)
for n ≥ 1. Taking a part of (·)− of both sides, we obtain
∂
∂tˆn
Mˆ (−) = 0. Since eξˆMˆ (−)−1 =
Wˆ−1− Mˆ
(+)−1 gives the factorization of eξˆMˆ (−)−1 by the uniqueness of the Birkhoff decom-
position, we obtain equation (6).
In the noncommutative case, {tˆn} are operators and the fact
∂
∂tˆn
Wˆ0 = 0 has a quite
different meaning from that of the commutative case. Since the derivative of tˆn is defined
as ∂
∂tˆn
= −i
∑
m θ
−1
nm[tˆm, ·], it means that Wˆ0 commutes with all tˆn for n ≥ 1. Such an
operator must be proportional to the identity of Aθ, and Wˆ0 must have a form
3
Wˆ0 = 1F

1 +∑
n≥1
w(0)n (x)∂
−n
x

 . (9)
Therefore Wˆ0 defines a point of the solution space of the commutative KP hierarchy (so-
called the Sato Grassmanian [12] and so on). Since the operator Wˆ corresponds to Wˆ0
uniquely through the action of operator eξˆ, we conclude that, in this sense, the solution
space of NC KP hierarchy is the same as the commutative one. This fact is valid for the
multicomponent case and their reductions. In general, for a NC hierarchy obtained by the
Birkhoff decomposition, such as the NC Toda hierarchy, the solution space is same with
the space of the initial values.
Remark 1 In [8], they studied the group G = Eˆ× which is a set of PDOs P whose coeffi-
cients are valued in R[[t]] with time parameters t = {t1, t2, · · · } under the conditions P |t=0.
In the case of the NC KP hierarchy, {tˆn} are elements of R = Aθ and we cannot adopt their
results to our case directly. Considering the Neumann series (see the proof of Theorem 3.2
[8]), we obtain the Birkhoff decomposition of G as formal series C[[tˆ]] = C[[tˆ1, tˆ2, · · · ]]. The
problem is whether components are well-defined under the re-arrangement of generators
{tˆn}. However, substituting valt(θnm) := n +m by the relations [tˆn, tˆm] = iθnm, we find
that components are well-defined as a formal power series of Aθ[[θnm]] from theorem 3.2
[8]. Note that we need the assumption that the LHS of (7) is an element of Eˆ× [8] with
replacing operators tˆn to time variables tn for its factorization.
Remark 2 In the limit θnm −→ 0, the NC KP hierarchy is reduced to the commutative
one and wˆn to
wn(t, x) = lim
θ−→0
∑
li,mi≥0
w(l,m)n (x)f(l,m)(t, x, θ), (10)
3The coefficient functions w
(0)
n possibly depend on θnm. However they only shift the initial value and
are not intrinsic to the NC KP hierarchy.
3
with commutative times t = (t1, t2, · · · ), where f(l,m) are functions obtained by the
Wigner–Weyl transformation (see for e.g., [4]) of |l1l2 · · ·〉〈m1m2 · · · |. The point of the
solution space where wn are defined is same as that of wˆn.
Remark 3 In [2], they derive the differential equations of the deformation parameters
θnm, and remark that those equations allow us to construct the solutions of the NC KP
hierarchy as a formal Taylor series of θnm from the solutions of the commutative KP
hierarchy.
3 Noncommutative Toda hierarchy
In this section, we define the Baker–Akhiezer (BA) functions for the NC Toda hierarchy,
and show that they satisfy the bilinear identities. We also calculate theN -soliton solutions.
3.1 Bilinear identities
Let wˆ±n(s), wˆ
∗
±n(s) ∈ Aθ,θ˜ be operators which are coefficients of Wˆ
(±) and Wˆ (±)−1
Wˆ (±) =
∑
n≥0
diag(wˆ±n(s))Λ
±n, Wˆ (±)−1 =
∑
n≥0
Λ±ndiag(wˆ∗±n(s)) (11)
where diag(wˆ+n(s)) = diag(· · · , wˆ+n(−1), wˆ+n(0), · · · ) and so on. We introduce the oper-
ator valued Baker–Akhiezer functions wˆ±, wˆ
∗
±
wˆ−(s, λ) =

∑
n≥0
wˆ−n(s)λ
−n+s

 eξˆ− , wˆ+(s, λ) =

∑
n≥0
wˆ+nλ
n+s

 eξˆ+ ,
wˆ∗−(s, λ) = e
−ξˆ−

∑
n≥0
wˆ∗−n(s)λ
−n−s

 , wˆ∗+(s, λ) = e−ξˆ+

∑
n≥0
wˆ∗+nλ
n−s

 , (12)
where ξˆ− := e
∑
n≥1 tˆnλ
n
and ξˆ+ := e
∑
n≥1 sˆnλ
−n
. Considering the same arguments with the
commutative case [14], we obtain the bilinear identities as follows. By the definition of
wˆ±, wˆ
∗
± (11), the BA functions satisfy∮
dλ
2πi
wˆ−(s
′, λ)wˆ∗−(s, λ) =
∮
dλ
2πi
wˆ+(s
′, λ)wˆ∗+(s, λ)(= 1F⊗Fδs′,s−1). (13)
Since wˆ+ and wˆ− satisfy the same linear differential equations of tˆn and sˆn,
∂wˆ±
∂tˆn
= (Wˆ (−)ΛnWˆ (−)−1)+wˆ±,
∂wˆ±
∂sˆn
= (Wˆ (+)Λ−nWˆ (+)−1)−wˆ±, (14)
there exist an operator BˆIJ such that ∂
I
tˆ
∂Jsˆ wˆ± = BIJ wˆ± where ∂
I
tˆ
= ∂
∂tˆi1
· · · ∂
∂tˆil
and so
on. We multiply BˆIJ on both sides of (13) with the identification Λ with e
∂
∂s′ for wˆ±(s
′, λ)
[14], and obtain the bilinear identities∮
dλ
2πi
∂I
tˆ
∂Jsˆ wˆ−(s
′, λ) · wˆ∗−(s, λ) =
∮
dλ
2πi
∂I
tˆ
∂Jsˆ wˆ+(s
′, λ) · wˆ∗+(s, λ), (15)
4
for any I, J . For ∂I
tˆ
∂Jsˆ =
∂
∂tˆn
(resp. ∂I
tˆ
∂Jsˆ =
∂
∂sˆn
), equations (15) are equal to (Wˆ (−)en
∂
∂s′ Wˆ (−)−1)+δs′,s−1
(resp. (Wˆ (+)e−n
∂
∂s′ Wˆ (+)−1)−δs′,s−1) and the bilinear identities are equivalent to the Sato–
Wilson equations (4) as in the commutative case. Note that we cannot introduce the notion
of the τ -functions [12, 14] by the same reason with the NC KP hierarchy [2]. If we set
s = s′, the RHS of (15) is zero and these identities correspond to those of the NC KP
hierarchy [2]. This fact means that if we restrict the Fock space F ⊗ F to F on which tˆn
act, the BA functions of the NC Toda hierarchy for fixed s are also those of the NC KP
hierarchy.
3.2 N-soliton solutions
In this section we calculate N -soliton solutions for the NC Toda hierarchy considering the
factorization problem. We put Vˆ (−) := Wˆ (−)e−
∑
n≥1 sˆnΛ
−n
and Vˆ (+) := Wˆ (+)e−
∑
n≥1 tˆnΛ
n
.
Then, the Sato–Wilson equations (4) are equivalent to the factorization [14]
Vˆ (−)−1 · Vˆ (+) = eξˆVˆ −10 e
−ξˆ. (16)
where ξˆ := exp(
∑
n≥1 tˆnΛ
n + sˆnΛ
−n). We choose the initial value for the N -soliton solu-
tions (cf (9))
Vˆ −10 = 1F⊗F

I + ǫ N∑
i=1
ai
∑
m,n∈Z
pmi q
−n
i Emn

 , (17)
where ai, pi, qi are positive constant parameters such that qN < · · · < q1 < p1 < · · · < pN ,
ǫ is a formal parameter, and I :=
∑
n∈ZEnn. We put Vˆ
(−) = 1F⊗FI+ Zˆ, Zˆ = (zˆij) where
zˆnm ∈ Aθ,θ˜ is zero for n ≤ m. Considering equation (16) we have
(· · · , zˆs,s−2, zˆs,s−1)
(
1F⊗FI + ǫ
N∑
i=1
aie
ηˆ(pi)piqie
−ηˆ(qi)
)
= −ǫ
N∑
j=1
ajp
s
je
ηˆ(pj)qje
−ηˆ(qj), (18)
where pi :=
t(· · · , ps−2i , p
s−1
i ), qi := (· · · , q
−s+2
i , q
−s+1
i ) and ηˆ(p) :=
∑
n≥1(tˆnp
n+ sˆnp
−n).
In the commutative case, the Cramer formula solves these equations and solutions are
expressed by the τ -function. In the NC case we cannot adopt such a method. We solve
this equation as a formal series 4 of ǫ,
(· · · , zˆs,s−2, zˆs,s−1) = −ǫ
N∑
j=1
ajp
s
je
ηˆ(pj)qje
−ηˆ(qj)
∑
k≥0
(
−ǫ
N∑
i=1
aie
ηˆ(pi)piqie
−ηˆ(qi)
)k
=
∑
k≥0
(−ǫ)k+1
∑
1≤j,i1,··· ,ik≤N
psj φˆjφˆi1 · · · φˆik
q−s+1j p
s
i1
pi1 − qj
q−s+1i1 p
s
i2
pi2 − qi1
· · ·
q−s+1ik p
s
ik−1
pik − qik−1
qik
, (19)
4Since it reduces to the soliton solutions of the NC KP hierarchy and depends only on tˆnp
n+ sˆnp
−n (p ∈
{pi, qi}) for tˆn, sˆn, we find that this series is well-defined as an element of Aθ,θ˜[[θnm, θ˜nm]] without ǫ.
5
where φˆi := aie
ηˆ(pi)e−ηˆ(qi). Here we used qp = q
−s+1ps
p−q
. Thus we obtain the N -soliton
solution of the NC Toda hierarchy,
zˆnm = −
∑
k≥0
ǫk+1
∑
1≤i0,i1,··· ,ik≤N
q−m+n−1ik
(pi0 · · · pik)
n
(qi0 · · · qik)
n−1
×
φˆi0 φˆi1 · · · φˆik
(qi0 − pi1)(qi1 − pi2) · · · (qik−1 − pik)
, (20)
for n > m. As noted in previous section, if we restrict the Fock space F ⊗ F to F on
which tˆn act, the BA functions of the NC Toda hierarchy are reduced to those of the NC
KP hierarchy. In fact, the solution with a change of parameters ai −→ ai/pi
φ := −zˆ10 =
∑
k≥0
ǫk+1
∑
1≤i0,··· ,ik≤N
φˆi0 · · · φˆik
(qi0 − pi1) · · · (qik−1 − pik)
, (21)
corresponds the N -soliton solutions of the NC KP hierarchy obtained in [2, 11] using the
trace method [10].
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